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The effect of the chemical composition in Si/Ge-based superlattices on their thermal conductivity has
been investigated using molecular dynamics simulations. Simulation cells of Ge/SiGe superlattices
have been generated with different concentration profiles such that the Si concentration follows a
step-like, a tooth-saw, a Gaussian, and a gamma-type function in direction of the heat flux. The step-
like and tooth-saw profiles mimic ideally sharp interfaces, whereas Gaussian and gamma-type pro-
files are smooth functions imitating atomic diffusion at the interface as obtained experimentally.
Symmetry effects have been investigated comparing the symmetric profiles of the step-like and the
Gaussian function to the asymmetric profiles of the tooth-saw and the gamma-type function. At lon-
ger sample length and similar degree of interdiffusion, the thermal conductivity is found to be lower
in asymmetric profiles. Furthermore, it is found that with smooth concentration profiles where atomic
diffusion at the interface takes place the thermal conductivity is higher compared to systems with
atomically sharp concentration profiles. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4949491]
A still limiting factor for the large scale use of thermo-
electric devices is their comparatively high cost/Watt ratio.
It is thus of great interest to optimize the efficiency of the
thermoelectric material by maximizing its figure of merit
ZT.1–3 A possible strategy to increase ZT is the introduction
of impurities, for example by alloying as indeed observed in
Si1xGex alloys.
4–8
The reduction of thermal conductivity in alloys is a
result of high-frequency phonon scattering at impurity
atoms. Alloying however does not affect mid- and low-
frequency phonons.1,2 In order to suppress the propagation
of such phonons, it is useful to generate nanofeatures as con-
firmed by several theoretical and experimental studies.6,8–12
The decrease of the thermal conductivity j results from
increased phonon scattering at the interfaces introduced by
nanograins, nanowires, or superperiodicity.
In the last decades, numerous studies have been dedi-
cated to the investigation of Si/Ge superlattices.12–20 In par-
ticular, it has been shown that diffusion of the counter atoms
in Si/Ge superlattices can result in scattering of phonons at
all frequencies.20,21 Recently, Si/SiGe superlattices have
been generated experimentally with a graded (tooth-saw)
concentration profile providing a lower thermal conductivity
with respect to the thermal conductivity in the homogeneous
SiGe alloy.15 However, the effect and interplay of different
phonon scattering processes in such superlattice structures is
still not well understood.
In this study, we have used molecular dynamics simula-
tions to estimate the thermal conductivity in Ge/SiGe
superlattices with different sharp as well as broad concentra-
tion profiles that imitate diffusion processes at the interface
region. The choice of such a system is inspired by the work
of Llin and coauthors,13 where multilayers of Ge/SiGe have
been generated experimentally for industrially applicable
thermoelectric devices.
The Ge/SiGe superlattices are oriented with the crystallo-
graphic (001) plane orthogonal to the heat flux and are built
of several layers of crystalline Ge and a barrier consisting of
a SiGe alloy. To account for periodic boundary conditions,
the in-plane lattice spacing has been equally set to aGe,0
¼ 5.6567 A˚ for both Ge and SiGe sections. The out-of-plane
lattice parameter has been calculated from the elastic proper-
ties of the material as described previously22 and has been
adjusted for each corresponding Si concentration.
One unit block consisting of a Ge and a SiGe alloy sec-
tion is replicated in z-direction (direction of the heat flux) to
generate superlattices. The unit block consists of np¼ 24
biatomic layers corresponding to 6.7 nm. The atomic con-
figuration in the unit blocks has been generated according
to four different concentration profiles which are based (i)
on a step-like function (step), (ii) on a Gaussian distribution
(gauss), (iii) on a gamma-type distribution (gamma), and
(iv) on a tooth-saw profile (tooth). In all samples, the total
average Ge concentration is maintained at 83.3%, and the
maximum concentration of Si in the SiGe alloy reaches
50% according to recent experimental studies.13 The unit
blocks have been created by random substitution of Ge
atoms with Si, where the number of substitutions for each
biatomic layer is defined by the corresponding concentra-
tion profile.a)Electronic mail: konstanze.hahn@dsf.unica.it
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The concentration profile of the step function (Fig. 1(a))
is defined by
cSi ¼ 0 ni  nGe0:5 ni > nGe;

(1)
where ni is the index of the biatomic layer and nGe is the
number of biatomic layers corresponding to crystalline Ge;
in this case, nGe¼ 16.
The gauss profile (Fig. 1(a)) is described by
cSi ¼ 1
2
exp  1
2
ni  lð Þ2
r2
 
; (2)
where l is the center of the SiGe section, here l¼ 20 (num-
ber of biatomic layers). In the performed calculations, r has
been set to 3.2 (corresponding to 0.9 nm).
The gamma profile (Fig. 1(b)) has been generated
based on
cSi ¼
1
2
e
1
2
ni ni  nGe
1
2
1 e
ninGeð Þ
c þ 1
nSiGe
e
nSiGe ninGeð Þ
c
 
ni > nGe;
8>><
>>:
(3)
with nGe¼ 16 and the number of nominal SiGe layers
nSiGe¼ np nGe¼ 8. The parameter c has been set to 2.15
(corresponding to 0.6 nm).
The tooth profile (Fig. 1(b)) has been generated accord-
ing to
cSi ¼
0 ni  nGe
0:5
np  nGeð Þ
 ni  nGeð Þ ni > nGe:
8<
: (4)
In order to obtain a total Ge concentration of 83.3%, the
number of crystalline Ge layers is set to nGe¼ 8.
Molecular dynamics simulations have been performed
using the LAMMPS code.23 Interatomic forces have been
described applying the Tersoff pair potential24 which has
been shown to represent reasonably well the mechanical and
thermal properties of Si and Ge materials.8,21,22,25–28 The
bond-order Tersoff potential is known to overestimate the
frequencies of transverse acoustic modes.29 This can result
in an underestimation of the thermal conductivity at low
temperatures (<400K). Nevertheless, it performs well in
predicting lattice thermal conductivity of SiGe alloys in very
good agreement with ab initio calculations.8
Approach-to-equilibrium molecular dynamics (AEMD)30
have been used to calculate the thermal conductivity following
the same protocol already adopted for SiGe heterosystems.8,31
The thermal conductivity j has been estimated in sam-
ples with different cell lengths Lz from 200 to 600 nm. The
error of the fitted value of j for all samples presented here is
smaller than 0.001W/mK. It is the standard error of the least
squares fit of the simulation data to Fourier’s transport equa-
tion as used in the AEMD method.30 In this range, the evolu-
tion of the inverse thermal conductivity 1/j with the inverse
sample length 1/Lz follows a linear trend (Fig. 2). The linear
relationship between 1/j and 1/Lz can be expressed accord-
ing to 1j ¼ 1j1 1þ kLz
 
, where k is a characteristic length, and
FIG. 1. Section of the simulation cells of the (a) step and the (b) tooth sam-
ples and the corresponding concentration profiles of (a) symmetric and (b)
asymmetric samples.
FIG. 2. Inverse thermal conductivity 1/j of Ge/SiGe superlattices with dif-
ferent concentration profiles as a function of the inverse simulation cell
length 1/Lz.
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it indicates that phonon properties can be estimated well by
an average value.31,32 From the linear trend, the bulk thermal
conductivity j1 can be approximated. It is estimated to be
between 6.11 (tooth) and 6.70W/mK (gamma, Table I).
The thermal conductivity of the atomically sharp con-
centration profiles step (6.29W/mK) and tooth (6.11W/mK)
lies below the value of the homogeneous alloy with the same
average Ge concentration of 83.3% (6.34W/mK). This indi-
cates that in these samples scattering of phonons at the inter-
face, contributing to the thermal boundary resistance in such
samples, is more prominent than alloy scattering on impurity
atoms in the homogeneous Si0.17Ge0.83 sample. On the other
hand, when diffusion at the interface takes place, as it is the
case for the smooth profiles gauss and gamma, the thermal
conductivity increases to 6.43 and 6.70W/mK, respectively.
The effect of the sample length on the phonon spectrum
has been further analyzed by an accumulation function
which represents the fraction of the thermal conductivity that
is accumulated with increasing simulation cell length Lz.
31,32
The sample length in this case can be correlated to the mean
free path of phonons. Thus, the accumulation function repre-
sents the contribution to the thermal conductivity of phonons
that have a mean free path smaller than the corresponding
sample length Lz. Assuming a normal distribution f ðKÞ of
the mean free path according to f Kð Þ ¼ 1
r
ﬃﬃﬃﬃ
2p
p exp  K~lð Þ2
2r2
 
,
the accumulation function can be expressed by
j Kð Þ
j1
¼ 1
2
1þ erf K~l
r
ﬃﬃ
2
p
 h i
, where K is the logarithm of the
dimensionless simulation cell length (K ¼ log Lzk
 
) and ~l
and r the mean and the standard deviation, respectively, of
the normal distribution of the phonon mean free path. The
statistical value ~l can be translated into l ¼ k  10~l which
corresponds to the average value of the phonon mean free
path of the system.31 Fig. 3 shows the accumulation function
with the optimized parameters reported in Table I.
In all simulated Ge/SiGe superlattices, the average pho-
non mean free path is found to be larger (185–208 nm) with
respect to the SiGe alloy (176 nm, Table I). This suggests
that randomly distributed atomic impurities, as found in the
SiGe alloy, lead to a higher reduction of the phonon mean
free path than defined interfaces with more pronounced
atomic mismatch and is consistent with Garg et al.7 The
highest average phonon mean free path is found in the
gamma sample with 208 nm followed by the one of the gauss
sample (193 nm). In both profiles, some respective counter
atoms diffuse into the other regime at the interface. This gen-
erates channels for the phonons to travel through the interfa-
ces which are not atomically sharp as in the step and tooth
profile. In addition, in the gamma sample, the region with a
Si content <10% is larger than in the gauss profile reducing
the scattering at impurity atoms which results in a larger
phonon mean free path. Assuming a normal distribution of
the phonon mean free path, the 68% confidence interval (CI)
is similar in all simulated concentration profiles (Table I).
The average Ge content (83.3%) of the simulated super-
lattices is in the range where the thermal conductivity of the
homogeneous alloy is already remarkably decreased com-
pared to the pure Si and Ge.4–8 Furthermore, the atomic mis-
match between the Ge and the Si0.5Ge0.5 section is reduced
with respect to the mismatch between pure Si and Ge. This
results in a very small variation of bulk thermal conductivity
with the different concentration profiles simulated here.
Approximation of the latter from the linear relationship of
1/j to 1/Lz is not very precise to accurately capture differen-
ces in the thermal transport properties of the different sam-
ples. The thermal conductivity has thus been compared
directly between the different concentration profiles at three
finite simulation cell lengths Lz¼ 335, 537, and 600 nm
where the simulations have been run until the rate of time
variation of the thermal conductivity resulted to be less than
0.06W/mK per ns. This typically was observed not before
4 ns of simulation time for all three cell lengths. Since we
are rather interested in relative differences than in absolute
values, j has been normalized to the value of the SiGe alloy
at the same cell size. The results are summarized in Fig. 4.
The ordering along the horizontal axis follows the increasing
asymmetric character of the Si/SiGe interfaces (see Fig. 1).
Independently of the sample length, the thermal conduc-
tivity in samples with sharp concentration profiles step and
tooth is lower compared to the smooth profiles gauss and
gamma. At a sample length of Lz¼ 335 and 537 nm, it even
reaches higher values than the homogeneous SiGe alloy with
the same total Ge concentration of 83.3%. The same is
observed for the bulk thermal conductivity j1 (see Table I).
Lower conductivities in the samples with sharp profiles
step and tooth result from enhanced phonon scattering at
the interface due to atomic mismatch. Atomic mismatch is
TABLE I. Bulk thermal conductivity for samples with Lz between 200 and
600 nm with the average mean free path l, obtained from the accumulation
function, and the 68% confidential interval (CI) assuming a normal distribu-
tion of the phonon mean free path. The goodness of fit of the accumulation
function is described by R2.
Profile j1 (W/mK) l (nm) 68% CI (nm) R
2
Alloy 6.346 0.33 176.46 0.02 33 945 0.991
Step 6.296 0.29 189.76 0.02 34 1045 0.991
Gauss 6.436 0.31 193.06 0.02 35 1055 0.990
Gamma 6.706 0.06 207.96 0.01 37 1171 0.996
Tooth 6.116 0.16 184.96 0.01 33 1019 0.995
FIG. 3. Accumulation function of the thermal conductivity of Ge/SiGe
superlattices with different concentration profiles as a function of the simula-
tion cell length Lz (i.e., mean free path of involved phonons).
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reduced when interdiffusion at the interface is present result-
ing in an increased thermal conductivity in the samples with
gauss and gamma profiles. The present simulation results
suggest that in these concentration profiles the thermal
boundary resistance is comparatively smaller and thermal
transport is mainly affected by alloy scattering at impurity
atoms which affects high-frequency phonons.15,16
At Lz¼ 335 nm, similar values are found for the thermal
conductivity in the step and tooth profile indicating that the
asymmetry has only marginal effect on the thermal transport.
This shows that the reduced thermal conductivity with
respect to the homogeneous alloy mainly results from inter-
face scattering directed by the atomic mismatch which is the
same in the two profiles at the Ge/Si0.5Ge0.5 interface.
Increasing the sample length, however, leads to a sizable
reduction of the thermal conductivity in samples with asym-
metric profiles tooth and gamma with respect to the alloy and
the symmetric profiles step and tooth. The larger is the sample
length, the higher is the number of interfaces (i.e., active scat-
tering centers) that a phonon mode must pass through. This
reflects in an overall decrease of the (normalized) thermal
conductivity. Fig. 4 clearly suggests that asymmetric profiles
affect thermal conduction to a considerably larger extent than
symmetric ones. This is likely due to a reduction of the corre-
spondent tunneling probability of incoming phonons. As a
matter of fact, asymmetric profiles have the same height of
their symmetric counterparts, while showing a larger width.
This is especially true for the tooth profile which, in fact, cor-
responds to the comparatively smaller conductivity. These
findings are in agreement with experimental evidence in sam-
ples where gradients in the concentration profiles resulted in a
lower thermal conductivity compared to conventional sym-
metric Ge/SiGe superlattices.15 Previously, ab initio calcula-
tions have been used to proof experimental evidence that in
Si/Ge superlattices segregation of Ge in the Si layer leads to a
decrease of the thermal conductivity with respect to an atomi-
cally sharp interface.20 This type of segregation results in an
asymmetric concentration profile which can be compared to
the tooth profile simulated here. The results shown here are
thus in agreement with the latter study showing a lower ther-
mal conductivity of the tooth profile with respect to the step
profile at a sufficiently large sample length (Lz> 500 nm). A
direct comparison of the two studies, however, is critical,
since there the superlattice layers consisted of pure Si and Ge,
respectively, whereas here we simulated boundaries between
Ge and the SiGe alloy.
In conclusion, we have shown that the interface diffu-
sion leads to an increase of the thermal conductivity with
respect to sharp Ge/SiGe boundaries. At sufficiently long
length (Lz¼ 600 nm), the thermal conductivity in systems
with asymmetric concentration profiles is lower than for
symmetric profiles with comparable interdiffusion at the
interface. This effect is attributed to possible tunneling of
phonons through the interface as a result of the symmetric
composition around the interface. These findings give inter-
esting insight into the effect of concentration profiles on the
thermal conductivity in Ge/SiGe superlattices which are
hard to be observed experimentally due to small variations
in the absolute values. The small changes in heat transport
properties predicted by our calculations suggest that for sys-
tems similar to the ones investigated here the actual concen-
tration profile only plays a marginal role in affecting the
thermal conductivity and, in turn, indicates that the level of
accuracy in the present state-of-the-art fabrication of such
superlattices is sufficient to generate materials with desired
heat transport properties. Nevertheless, the results of this
study are a basis for an extended exploration of the thermal
transport properties of such Si/Ge-based superlattices as a
function of their composition, interface properties, and
device dimension.
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